Introduction.
Permutations with restricted positions are treated at length in Riordan's book [4] . Two of the problems considered are the "probleme des rencontres" and the enumeration of permutations by number of rises in the permutation.
The former asks for the number of permutations /l 2 • • • n\ ' Vi h-■ IJ such that Ijy^j (j=l(l)n) and the latter asks for the number of permutations for which there are a fixed number of j such that lj<lj+i. Two notational conventions will prove useful in what follows. First, it shall be convenient to write the permutation (1.1) as the one line array (h, k, ■ • • , ln) and, secondly, when enumerating permutations by number of rises, we shall attach an initial rise. Thus, for example, the permutations 2 3 1, 14 3 2 each have two rises. Notice that the first of these is admissible as a recontres permutation, whereas the second is not admissible. Let Dn denote the number of rencontres permutations. Then [4, p. 59] (1.2) Dn = nDn-i + (-1)" = Z (-1H«!//!).
J-O
Also, if A (n, k) denotes the number of permutations (1.1) with exactly k rises, then A(l, k) = Su (Kronecker delta) and
It follows from (1.3) that A(n, k) is the Eulerian number [l], [2] given by the formula Next, we define a succession in a permutation (1.1) as an element pair (/,-, lj+i) with lj+i = lj+l. Permutations without successions are enumerated in [5, p. 103] and the enumerator by number of successions in [6] (1.5) Snix) = Dnix) + (1 -x)Dn-lix), with (1.6) Dnix) = (£> + xY, Di m Dj, the rencontres polynomial.
Here we are concerned with enumerating permutations both by number of rises and number of successions. The author is indebted to the referee for many helpful suggestions and for pointing out references [5] and [6] .
2. Reduction of the problem. Let P(«, r, s) denote the number of permutations (1.1) which have exactly r rises and 5 successions. We prove that (2.1) Pin,r,s) = r jPin-s,r-s,0).
Fix n, r, and 5 and let P and Q denote the sets of permutations enumerated by Pin, r, s) and Pin -s, r -s, 0), respectively.
Given irEP, we delete the 5 elements which occur as the second element of a succession in ir. This defines a mapping of P onto the set 51 of sequences. For if p contained a pair (jm, jm+i) satisfying (2.4) then, replacing the elements deleted from ir, we see that the succession (jm+i-l, jm+i) occurs in x. This contradicts the occurrence of jm+i in p or, if we prefer, shows that it has at least s+1 increases.
The inverse of the mapping defined above can be described explic- On the other hand, given pES, ordered according to (2.3), we define a permutation a of {l, 2, • • • , n -s} by replacing^, by t in p. It is clear that a has rises in exactly the same positions as p, hence a total of r -s rises. Moreover, (2.4) assures us that a has no successions. Thus aEQ-That the mapping from 5 to Q defined in this way is onto is immediate when we notice that QQS.
However, the mapping from 5 to Q is many-to-one. Indeed, given aEQ, we select n -l-s elements (2.6) jk, <jki<
from the set {2, 3, • • • , n} and replace t by jk, in a. The resulting sequence p has rises in the same positions as a and, since a has no successions, p has no pair satisfying (2.4). We easily verify that this sequence p corresponds to a and that any sequence which corresponds to a can be constructed in this manner. Therefore, since the elements (2.6) can be chosen in C-7-X";1) and, for 5 = 2, the preceding table illustrates the correspondences given above.
3. The numbers P(w, r). In view of (2.1) it will suffice to determine the numbers P(w, r) =Pin, r, 0).
Noting that the number 5 of successions in a permutation satisfies the inequalities 0gs<r, it follows from the combinatorial interpretation of the Eulerian numbers that We remark that (3.3) can be proved directly using the principle of inclusion and exclusion [4, p. 50] and that, together with (1.4), it implies an explicit formula for P(ra, r). Notice also that Pin, r) = 0 (r S n)
follows from (3.3).
Next, if we define the polynomials 
It follows that D. P. ROSELLE [February pn(t) = (A(t) -t + t)(A(t) -ty-1 = (A(t) -t)» + t(A(t) -/)»-!.
Thus if we put (3.7) P*n(t) = (A(t)-t)»=j: P*(n, r)r, r-l we get (3.8; Pn(t) = Pn(t) + tP*n-l(t).
We shall see that the polynomial P*(t) is more convenient than Pn(t). 
Consequently (4.4)
(1 -tu)P*u(t, u) = tuP*(t, u) + <(1 -t)P*(t, u) which entails, with D=d/dt, (4.5) P*n+i(t) = nt(P*n(t) + P"*_,(/)) + /(l -t)DP*n(t).
Note that, using (3.7), (3.8), and (4.5), we obtain the recurrence P*(n + 1, r) = rP*(w, r) + (n + 1 -r)P*(n, r -1) (4.6) + «P*(« -1, r -1) and, since (4.7) P(n, r) = P*(«, r) + P*(« -1, r -1),
we have also P(n + 1, f) = rP(«, r) + (« + 1 -r)P(«, r) (4.8) + (« -l)P(w -l,r -1).
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The following tables of P*(ra, r) and P(w, r) (l^r<»| 7) are easily computed using (4.6) and (4.7). 5. The polynomial P*(i)-We remark that the combinatorial interpretation of Pin, r) furnishes a similar interpretation of P*(w, r). Indeed, it follows from (4.7) that P*(«, r) is the number of permutations (1.1) with r rises, no successions, and /i>l.
In the next place we have, using (4.2) and (4.3), (5.1) P*it,u)=P*it~\tu), which is equivalent to either of (5.2) P*it) = t«P*irx), (5. 3) P*in, r) = P*(w, n -r).
Notice that, using (3.7) and the familiar symmetry property of the Eulerian numbers, we have !"+1i"(r') = Anit) = t"+liP*it-x) + r1)-= titp*irx) + l)", which, in view of (5.2), implies, for w^l, (5.4) Anit) = tiP*it) + 1)», P*'it) m P*}{t).
In exactly the same way we find that (5.5) tP*"it) = iAit) -1)» + (-!)»(/ -1).
The relations (5.4) and (5.5) are more convenient for calculation than (3.7).
Next we define the polynomial (5.6) P*n(a, t) = (a + P*(t))», P*'(t) m P,*(t), so that (5.7) tP*n(l,t) = An(t) = P*(t,t), (5.8) P*(0, t) = P*(t).
Writing F(x, a, t) = ^Pt(a, t)xn/n\, we find using (4.2) and ( the reader is referred to [3] .
Next it follows from (4.5) that
Pt+i(l) = nP*n(l) + nP*n-i(l) = («+l)P!(l) + (-l)»+1.
Comparing this with (1.2) we see that (6.3) P*"il) = Dn, the rencontres number. Thus, using (6.2), we obtain (6.4) P*ia, 1) = Dnia), the rencontres polynomial. It is clear from the combinatorial meaning of P(w, r, s) that the polynomial n i-l (6.5) P"ix, 0 = Z Z P(n, r, s)x*tT r-l »=0 satisfies (6.6) Pnix, 1) = Snix),
where 5"(x) and 2?"(i) are the enumerators for permutations by number of successions and rises, respectively.
Also it follows from (2.1) and (3.8) that 1=1./n -1\ Pnix, t) = ZZ{ ) X't*Pn-.it) »=o \ -y / 1=1, /n -1\ . * * .
= E )xn*{pn-sit) + tPn-s-iii)} = P*(0(P*(0 + xf)"-1 + tiP*it) + xt)"-\ which is the same as (6.8) Pnix, t) = iP*it) + xty + til -x)iP*it) + *0«-i, or, using (5.6), (6.9) Pnix, t) = Plixt, t) + til -x)P*K-lixt, t).
Consequently it follows from (6.4) and (6.6) that and from (5.7) that (6.11) Rnit) = Anit)
are the enumerators for permutations by number of successions and rises.
We remark that the generating function for the polynomial defined by (6.5) can be found by combining (5.9) and (6.9).
